There is an increasing use of the discrete element method (DEM) to study cemented (e.g. concrete and rocks) and sintered particulate materials. The chief advantage of the DEM over continuum based techniques is that it does not make assumptions about how cracking and fragmentation initiate and propagate, since the DEM system is naturally discontinuous. The ability for the DEM to produce a realistic representation of a cemented granular material depends largely on the implementation of an inter-particle bonded contact model. This paper presents a new bonded contact model based on the Timoshenko beam theory which considers axial, shear and bending behaviour of the bond. The bond model was first verified by simulating both the bending and dynamic response of a simply supported beam. The loading response of a concrete cylinder was then investigated and compared with the Eurocode equation prediction. The results show significant potential for the new model to produce satisfactory predictions for cementitious materials. A unique feature of this model is that it can also be used to accurately represent many deformable structures such as frames and shells, so that both particles and structures or deformable boundaries can be described in the same DEM framework.
Introduction
A number of numerical techniques have been used to study the behaviour of cementitious materials such as rock and concrete. The focus of these techniques is often placed on determining the strength and failure characteristics. For many of these techniques cementitious materials are treated as homogeneous continua, but they are naturally inhomogeneous at the microscopic scale. This means that continuous models often only describe the material behaviour in an average sense [1] . The Discrete Element Method (DEM), first proposed by Cundall [2] for the study of rock mechanics and later expanded for modelling granular materials [3] , is ideally suited for studying cementitious materials due to their naturally discrete inhomogeneous structure. The DEM uses the repeated execution of three steps, namely contact detection, calculation of interaction forces and numerical time integration to solve the interaction of a collection of particles.
The objective of this study is to investigate the failure of cementitious materials through bond breakage mechanics at the particle scale. The focus is placed on whether realistic bulk properties, including the strength and macroscopic failure mode can be reproduced. The failure of cementitious materials is highly influenced by the initiation and propagation of cracks that occur at cemented grain interfaces. The ability of the DEM to produce a realistic representation of a cementitious material depends largely on the assumption that bonds exist between particles resisting their separation. The behaviour of individual bonds is governed by the contact laws contained within bond models. These laws can be seen as the formulation of the material model at the microscopic level [4] and are probably the most important part of the model [1] . It is the behaviour at the contacts which influences the overall mechanical behaviour. One of the main concerns when using the DEM is to ensure that the appropriate contact laws and microscopic parameters are used to represent the subject material at the macroscopic scale [5] .
A number of different bonded contact models have been developed. The simplest of these is probably the spring model such as [6] which connects the centres of interacting particles. They are capable of resisting the relative displacement of bonded particles in compression and tension; there is no resistance against shear, bending or twisting actions. An improved bonded contact model was developed by Potyondy and Cundall [7] where particles are connected by a point of glue which is represented by a pair of elastic springs with a constant normal and shear stiffness [8] . This was further developed by the authors into the more complex parallel bond model [7] which has since been used by many researchers [e.g. 8, 9] .
The bonded contacts in the parallel bond model can be considered as "a set of elastic springs uniformly distributed over the cross section with a constant normal and shear bond stiffness lying on the contact plane and centred at the contact point" [8] . In addition to normal and shear forces, the parallel bond is also able to transmit moments.
In some instances, especially where polygonal elements are used the bond between elements can be considered as a series of springs across the interface between two elements. This bonded contact type has been borrowed from the finite element method; a detailed description of this bond type is provided by D'Addetta et al [10] .
Another bond representation is the use of beam elements, which are assumed to link the centres of particles in a bonded contact e.g. [11] [12] [13] [14] . The contact laws can be based on Euler-Bernoulli or Timoshenko beam theory, and the elements are able to resist tensile force and bending and twisting moments. Schneider et al. [11] highlighted that beam models provide a good compromise between computational time and accuracy. The use of beam elements to represent cementitious materials may also be found in regular [15, 16] or random [17] lattice models. However, particle based models, unlike lattice models, permit frictional contacts to exist between particles after beam failure has occurred.
A variety of work has been conducted using bonded particle models to study the behaviour of cementitious materials under different loading conditions. Most of the work has covered the behaviour of cementitious materials under quasi-static uni-axial loading, such as rock in 2D [8] and 3D [6, 7] , and concrete in 2D [18] and 3D [12] . A uni-axial loading test is often used to calibrate models for different materials. The influence of strain rate on behaviour and dynamic loading has also been investigated [19] [20] [21] , including the impact of missiles on concrete beams studied in 2D [22] . Sawamoto [23] used a bonded particle model to examine the dynamic impact of deformable missiles on reinforced concrete. Rock cutting, involving the interaction between a cutting element and a rock material, has also been studied in 3D [4, 9] .
There are many derivations for the constitutive relationships contained within inter-particle bonded contact models, but from fundamental mechanics either a strut (spring) model or a beam model may be used. A strut model only resists the axial force, but is simple to implement and fast for computation; beam models are more computationally expensive but provide more realistic representations of the bond mechanism as they can take into account axial, bending, shear and torsion behaviour at a cemented joint [11, 13, 14] .
In this paper a new bonded contact model is presented; the bond behaviour is based on the Timoshenko beam theory which is suited to describing the behaviour of short beams [24] . The model is used to study both cemented granular materials and deformable structures. In the following sections, the bonded contact model is first presented. It is verified by comparing the predictions with the beam bending theory, and then used to simulate an unconfined uni-axial compression test of a concrete cylinder sample. The manner in which the developed model uses breakable beams to connect an assembly of DEM particles is similar to those employed by other authors [e.g. 12, 25].
The Timoshenko Beam Bond Model (TBBM)
A cementitious material may be represented by an assembly of DEM particles.
For simplicity, spherical particles are used in this study. These particles may interact at either bonded or non-bonded contacts; only one contact can exist between any two particles due to their spherical nature. At a non-bonded contact a spring-dashpot configuration is assumed with the constitutive behaviour being described using the Hertz-Mindlin contact law [26, 27] . At a bonded contact a virtual bond element is considered to exist between the particles joining them together. Each bond element is assumed to be circular and straight in three dimensional space at formation. Both contact types resist compressive and shear forces, but bonded contacts can also resist tensile forces as well as bending and twisting moments. Material damage may be represented directly through the breakage of bonds, although more complex damage models can be included. This enables the response of the subject material to load to be studied as damage develops in the system.
At each bonded contact a Timoshenko beam element is assumed to rigidly connect the two particles in contact. The behaviour of this bond is assumed to follow the Timoshenko beam theory [24] . For simplicity, it is assumed that the beam element connects to the centres of the two particles ( Fig.1 ) so that each end of the bond shares the same six degrees of freedom as the particle. Note that there are no difficulties to implement if it is desirable to assume that the bond element connects the two adjacent particles away from their respective centres.
In Fig. 1 the two ends of a single bond, marked as points α and β, are shown to connect to the centres of particles A and B respectively; the bond has a length Lb and a radius rb. Vectors {PA} and {PB} define the positions of the two particles in the global Cartesian co-ordinate system (X, Y, Z).
In addition to the single global co-ordinate system each bond has its own unique local co-ordinate system (x, y, z), as shown in Fig. 1 , with the x axis originating at α and passing through β. The length of this bond is therefore:
where xα and xβ are the x-coordinates of the two ends of the beam in the local coordinate system.
The bonds are assumed to have no mass in the DEM model -all mass is appropriately assigned to the particles. They are subjected to internal forces caused by relative displacements and rotations of the particles they connect.
The Timoshenko beam theory, which is suited for stocky beams for which the shear deformation is important, can be used to relate the internal forces and moments to the particle displacements and rotations. In this study, the internal forces are calculated in an incremental manner. In each time step, the increment of the internal forces (and moments) are determined from the incremental displacements (and rotations) at the bond ends (particles) using the Timoshenko beam theory:
where the incremental force vector {F} and displacement (rotation) vector {u} For small deformation linear elastic bonds, the tangential stiffness matrix [K] remains constant before failure, and its general form can be derived from the differential equations for beam deformation using the unit displacement theory for a Timoshenko beam, as presented by Przemieniecki [24] :
where Eb is the Young's modulus, vb the Poisson's ratio, Ab the cross sectional area and Ib the second moment of area of the bond, and Ф the Timoshenko shear coefficient, where:
where Gb is the bond's shear modulus and fs is the form factor for shear, which for a circular cross section can be estimated to be 10/9 [29] .
The displacement increment of a particle between two consecutive iterations can be determined from the standard DEM calculation cycle [3] . In the present study for each bonded contact the displacement increment of the two particles in the global coordinate system is stored as a vector {ug}. The displacement increment of the bond ends in the local co-ordinate system is determined by multiplying the global displacement increment vector by the transformation matrix [γ], so that:
The transformation matrix [γ] contains nine directional cosines, which represent the nine angles between the three vectors defining the axes of the global co- 
Each element in the transformation matrix contains a letter which represents the local coordinate axis and a subscript which represents the global coordinate axis.
For example the directional cosine xY defines the cosine of the angle between the vectors defining the local x axis and the global Y axis. The transformation matrix thus consists of three vectors that define the local co-ordinate system:
As shown in Fig.1 the local x axis follows the longitudinal axis of the beam bond, so that:
The y axis is calculated first using the cross product of the local x axis vector, and the global Z axis vector Ẑ . The angle between x and y axes is 90°. The normalised y axis can be determined as:
This shall always produce a local y axis, unless the vectors Z and x are collinear in which case:
The local z axis can then be determined as the cross product of the local x axis vector and the local y axis vector, such that:
Assuming small deformation, the total internal forces and moments at the bond ends at any time can be determined by summing increments from the start of the simulation:
where {F} contains 12 total forces and moments.
In this study the bonds are assumed to behave in a linear elastic and brittle manner (more sophisticated models will be considered in future research); a bond fails if one of the maximum stresses exceeds the corresponding strength. Three strength criteria are considered: compressive, tensile and shear. The maximum compressive stress σCmax, tensile stress σTmax and shear stress τmax in each bond are determined from beam theory such that:
If at any iteration a bond does not fail then a set of forces equal but opposite to the total bond end forces (moments) {F} are applied to the respective particles. If a bond fails the bonded contact is removed and cannot be reintroduced.
At a non-bonded contact (either non-bonded from the beginning or arisen from broken bonds) where there is a physical interaction between a particle and either a boundary geometry or another particle, the Hertz-Mindlin contact law is used to determine the contact forces. The Hertz-Mindlin contact model has been used extensively in the DEM modelling of granular materials [e.g. [30] [31] [32] .
Implementation of the Timoshenko Beam Bond

Model
For the purposes of this study the Timoshenko Beam Bond Model has been implemented in the three-dimensional discrete element software EDEM [33] through an Application Programming Interface. The software EDEM has a number of useful features which allow easy implementation and efficient computation. One such feature is the capability to store custom properties for particles and contacts; utilising this capability, the stiffness matrix and failure criteria for each bond are determined immediately after the bond initialisation procedure and stored as custom contact properties. The bonded contact model requires a small number of bond parameters to be defined by the user. These include the Young's modulus Eb, the Poisson's ratio vb, and the mean and coefficient of variation for the compressive, tensile and shear strengths.
The incremental bond end displacements are determined by multiplying the timestep by the velocities of the particles the bond connects to. These calculations are the same as those used for particle motion in EDEM [3] . The model assumes that the increments of the bond end rotations over a single computational time step are small; this does not present a problem in this study as the bonded structure is very stiff so the displacements and rotations of particles within a small time-step are indeed very small. The incremental displacements and rotations found in simulations presented in this paper are of the order of x10 -5 mm and x10 -6 rad respectively.
Bond initialisation
Part of the material model preparation process is the bond initialisation procedure which is conducted after an assembly of particles has been generated. During the bond initialisation procedure particles will be bonded together if their contact radii overlap. A particles contact radius is calculated by multiplying its physical radius by a user-defined contact radius multiplier η. If the value of η is increased above unity, bonds are formed between particles which are not necessarily in direct contact, this is a similar formulation to models [e.g. [34] [35] [36] but different to others [e.g. 6] where physical particle overlap is required for a bond to form.
At the end of the bond initialisation procedure an initial stress free state is achieved by resetting all physical overlaps to zero. This state is attained by storing, as a custom contact property, any physical overlap that exists between two elements during the bond initialisation procedure. This "initial" overlap is then subtracted from each subsequent determination of overlap at each contact, resulting in a static assembly of bonded particles with zero overlap and no contact force at the start of each loading simulation. Resetting the overlaps is an important process as otherwise when bonds are broken the contact overlaps may produce exaggerated contact forces leading to non-physical behaviour. However, it is important to note that an initial stress free state is not always desired, e.g. in excavation or tunnelling at depth where the rock is subject to an in-situ stress, it would be very easy to remove the resetting of overlaps routine from the model if required. After the bonds have been inserted between particles initialisation of bonds the cementitious material model is completed and ready for testing.
The literature reports many different ways in which the bond radius can be determined, for example either using the arithmetic or harmonic means of the two particles' radii [5] . In the implementation presented here, if a bond is considered to connect particles A and B (as shown in Fig. 1 ), the radius of that bond is assumed to be:
where rA and rB are the radii of particles A and B respectively and the numerical parameter λ is a bond radius multiplier. By including the bond radius multiplier flexibility is introduced into the way the bond radius is determined. For all simulations presented in this paper a bond radius multiplier of one was used. As the bond is assumed to be prismatic its radius is assumed to be that matching the smallest particle as this will be the weakest point when determining stresses in the bond.
Bond strength characterization
The model in this study incorporates a stochastic variation of the bond strength.
The compressive σC, tensile σT and shear τ strength of the bonds in the model are each assumed to follow a Gaussian distribution defined by a mean and a coefficient of variation, so that:
where SC, ST and SS are respectively the mean compressive, tensile and shear strength of the bonds; ςC, ςT, ςS are, respectively, their coefficient of variation; N is a random number from a standard normal distribution. The random value of N is assigned to each bond and applied equally to each of the three strength calculations (Eqs 32-34). The bond strengths are limited to within a range of between zero and twice the mean strength.
Model verification
Verifying the implementation of a numerical model is an important step to ensure that the mathematical descriptions in the programmed code match the theory underpinning the model. In order to verify the TBBM, a series of benchmark tests have been conducted, including those verifying the behaviour of a single bond oriented in different directions and under tensile, compressive, shear, twisting and bending loading actions. As an extension of this process further tests involved the construction of simple structural elements which are subjected to different loading actions. Only the static and dynamic loading responses for a simply supported beam are summarised below, which demonstrate that the bond model behaves as a Timoshenko beam.
Static loading of a simply supported beam
A simply supported beam can be formed by bonding a number of particles in a line; an example with five particles is shown in Fig. 3 . The extreme left-hand particle is fixed against all translational displacement, the extreme right hand particle is fixed against vertical translational displacements, and both particles can rotate freely in plane. All out-of-plane displacements are prevented. 
Free vibration of a simply supported beam
The dynamics of the model are verified using the three particle DEM representation of the above simply supported beam ( Fig. 3 ) subjected to free vibration. As the bonds are massless, the only mass affecting the beam vibration is from the concentrated mass of the central particle.
The fundamental natural frequency fnatural for this beam is [37] :
where m is the mid-span mass and Kbeam is the beam's stiffness given by:
If the central particle has a mass of 1000 kg then the theoretical fundamental natural frequency for this beam is found from Eqn. 36 to be 9.392 Hz.
In the DEM simulation, the central particle is displaced 10 mm vertically and then set free to vibrate as shown in Fig. 4 . The DEM predicted fundamental natural frequency is 9.407 Hz which is only 0.16% greater than the theoretical solution.
Application to cementitious materials
The assembly of bonded polydisperse spherical particles with all the mass of the system represented by these particles.
Initial particle assembly and bond network
It is very important when conducting any DEM modelling that the particle packing generated is representative of the problem that is to be solved. Good assemblies for concrete should not include preferable crack paths [13] with macroscopic isotropy being obtained. Initial computational trials using the model highlighted the importance of generating a dense network of particles and bonds to improve the predictive capabilities of the model for cementitious materials. One way to achieve this is to ensure a particle packing with a very high solid fraction. This is advantageous over using a more porous structure compensated with a higher contact radius multiplier, as a high solid fraction ensures that there is sufficient load carrying capacity through both bonded and non-bonded contacts (activated after bonded contacts break) which has been found to produce a more realistic loading stiffness and post peak behaviour. Initial tests showed that particle assemblies with high solid fractions couldn't be easily obtained with the generation techniques available in the EDEM software;
the dynamic techniques used (gravitational deposition and compaction) led to unwanted anisotropy at the macroscopic scale and were computationally expensive, the constructive technique used (a sequential inhibition model) could not produce a low enough porosity with the co-ordination numbers always being lower than desired. Instead a collective rearrangement technique using the software GiD [38] and developed by Labra et al. [39] was used to produce a cylindrical specimen of 100 mm diameter and 200 mm height; the cylinder specimen (shown in Fig. 5 ) consists of 28,982 spherical particles. Particle polydispersity was introduced to avoid crystalline formation; a uniform particle size distribution was imposed with the minimum particle radius rmin = 1.15 mm and the maximum particle radius rmax = 2.71 mm. Using this generation technique a dense particle packing with a measured bulk porosity of 0.37 was achieved. This porosity is simply a property that relates to the tightness of the particle packing achieved by the collective rearrangement technique it does not directly relate to the porosity of the subject material (which for concrete would be expected to be much lower).
For the simulations presented in this paper the contact radius multiplier η was set at 1.1. This value was chosen through modelling trials which proved that this value was suitable for providing a sufficient bond network to mimic a realistic stress-strain response. Using this contact radius multiplier, a total of 119,109 bonds were generated; meaning initially that there was an average of 8.22 bonds per particle; the distribution of bond coordination number is shown in Fig. 6 .
When the particle generation and bond initialisation procedures were completed the final concrete model was ready for the loading simulation to begin. As at the end of the bond initialisation procedure all particle-particle and particle-geometry overlaps were set to zero, and no gravity was considered in the loading simulation, the material model had no internal or external forces acting upon it when the uni-axial loading simulation began.
Model input parameters
The developed model uses a relatively large number of input parameters.
However through an extensive parametric study the relative importance of these parameters has been determined. The number of parameters that need to be determined can be reduced by providing appropriate values for parameters that have minimal influence on the bulk response. This ultimately leads to a solution with the same predictive power but fewer input parameters.
Since the primary interest of this study is to produce a DEM model that can predict the ultimate strength and loading response of concrete, a calibration procedure can be used to determine a relationship between the key model parameters and the predicted bulk response. In the example presented in this paper a range of bulk behaviour was achieved by only varying the Young's modulus, the mean tensile strength and the mean shear strength of the bonds. The remaining input parameters were kept constant and are summarised in Table 2 . To further simplify the model the shear strength is set to be equal to the tensile strength.
When simulating the uni-axial compression of the concrete cylinder, the numerical specimen was loaded by moving both top and bottom platens against each other to give a total strain rate of 1 s -1 . This rather high strain rate has significant computational advantage and was investigated separately to ensure stability. It was found that when using a strain rate of 1 s -1 the predicted bulk response did not significantly differ to that when the strain rate was two orders of magnitude lower. However, strain rates of an order of magnitude higher were seen to produce a significantly different stress-strain response. The computational timestep Δt was modified in line with the stiffness of the system to ensure a stable explicit integration. The time step was determined as a fraction of the critical time step, which is the largest time step for which a force is not transmitted beyond the nearest neighbours of a particle. As both bonded and non-bonded contacts are considered, the critical computational time step is determined for both, Δtbcrit and ΔtHMcrit respectively, with the lower of these two values being used to determine the computational time-step:
, min (38) where ξ is a factor that should be kept in the range of zero to one, with values of 0.1 to 0.2 being recommended [40] . For non-bonded contacts, the critical time step is determined using the Rayleigh time step, which is the time taken for a shear wave to propagate though a solid particle [26], for each particle the critical time step is determined as:
As the particle density ρp, shear modulus Gp and Poisson's ratio vp are constant for all particles in the assembly the critical non-bonded time step is that for the smallest particle radius. The critical time step for bonded contacts is estimated from an approximate solution based on a single degree of freedom in a mass spring system [40] :
The critical time step is determined for each bonded contact using the smallest particle mass mpmin and the largest bond stiffness component Kbmax for that contact. For the simulation ξ was selected to be 0.05 and the time step calculated to be 1×10 -7 s. For this study, the combination of loading rate and time step was chosen to ensure minimal dynamic effects with a total of 10,000 calculation steps required to be computed for the specimen to displace 1 mm; as a result, the dynamic effects were minimal [8] .
At non-bonded contacts, energy is usually dissipated through frictional sliding and the spring-dashpot contact in the model. This was not deemed sufficient to arrive at a quasi-static solution in the computation steps employed. An additional nonviscous damping was applied to the whole system by damping the equations of motion as described in [41] ; a damping coefficient of 0.5 was used in this study.
For this simulation the total computational time was approximately 4 hours on a quad-core desktop PC.
Predicted behaviour of concrete under uniaxial compression
A calibration procedure was conducted with the target to produce a concrete specimen with an ultimate strength of 48 MPa and a realistic loading response [42] . For this, the required bond Young's modulus Eb was found to be 40 GPa and the mean bond tensile strength ST was found to be 105 MPa. The stress-strain response and the corresponding bond breakage are shown in Fig. 7 .
The stress-strain curve shown in Fig.7 indicates a close to linear but gradually softening ascending branch with a loss of stiffness noted after approximately  = 0.0008 (43% of the strength) when 5% of the bonds have failed. This is consistent with physical experiments on concrete where under loading up to about 30% to 40% of the ultimate compressive strength, there is little additional microcracking observed between the aggregates and hardened cement paste (bond cracks); and the stress-strain response is close to, but not quite, linear elastic [43, 44] . The loss of stiffness increased with a rise in the number of broken bonds until the peak stress was reached. This loss of stiffness was caused by the continual failure of bonds resulting in a reduction in the overall stiffness of the bond network.
Bond breakage was initiated from very early on during loading because a relatively high coefficient of variation of strength for both tensile and shear was used to represent the stochastic variation of the bond strengths. This resulted in the weaker bonds failing at low loading levels which is reflected in the macroscopic loss of bulk stiffness. The rate of bond failure increased as the loading continued towards the peak failure and after the peak stress, the rate began to decrease in the softening regime. Figure 8 shows the failure modes of these broken bonds. It is noted that although the concrete is under compression, the overwhelming failure mode is through tension with a small proportion failing in shear and a negligible number failing in compression. This is consistent with the findings of other authors including [7] .
The overall failure mechanism of the cylindrical specimen under uni-axial compression can be discerned from Fig. 9 which shows a cross sectional slice of the specimen in the post peak regime, at an axial strain of 0.0027. It shows that the axial compression has led to an inclined rupture plane closely associated with the plane of maximum shear stress, and from the bond failure information, this shear cracking zone comprised overwhelmingly with bonds failing under tension.
As well as using the quantitative measures of the bulk behaviour, the overall stress-strain response and post-peak behaviour were also considered. A comparison between the DEM predicted stress-strain relationship and an empirical relationship can be made. Many compressive stress-strain relationships have been proposed for concrete [see 45], including the following Eurocode 2 [46] equation:
where Ef is the secant modulus of elasticity at failure:
The Eurocode EN 1992-1-1:2004 also provides an empirical relationship between the ultimate strength fc' of a concrete cylinder and both the bulk secant modulus Ec (0.4) and the strain at ultimate strength εc (see Table 3 in [46] ):
The Eurocode curve for any target strength case can therefore be determined by substituting Eqs 42, and 43 into 41.
In addition to the case presented above two further target strength cases (28 MPa and 68 MPa) were assessed and the behaviour of all three cases compared against the Eurocode prediction. These additional target strength cases provided simulations for two typical concrete strength classes reflected in the Eurocode.
In order to obtain the input parameters for these additional cases the same calibration procedure as before was used. The values adopted for the model parameters for all three cases are shown in Tables 2 and 3 .
The DEM produced stress-strain responses for the three cases are compared to the predictions made using the Eurocode relationship in Fig. 10 . The progression of the number of broken bonds is shown in Fig. 11 . The DEM predicted bulk properties are compared to the target properties from the Eurocode (derived from Eqs 43 and 44) in Table 4 .
It can be seen from Table 4 that in all three cases, the models predicted the ultimate strength and the ultimate strain within 1.6% of the target values calculated using the Eurocode equation. However, the bulk stiffness is significantly underestimated, though this underestimation is reduced as the ultimate strength increases. The predicted bulk Poisson's ratio remained constant at 0.19 for all three cases, which is an appropriate value for concrete. Timoshenko and Gere [29] suggested that the Poisson's ratio for concrete should fall in the range of 0.1 to 0.2; Mehta and Monterio [44] and Neville and Brooks [47] suggested a slightly narrower range of 0.15 to 0.20 when determined from strain measurements. Also, the model generally predicts a more brittle post peak response than that given by the Eurocode (Fig.10) . The primary failure mode for all three cases is through the failure of bonds under tension, forming a shear crack zone. Figure 11 shows that when normalized the initial breakage of bonds is very similar for all three specimens but the eventual number of broken bonds reduces as the target strength increases.
It is suggested that for a given particle packing arrangement, the model can accurately predict the ultimate strength and strain at failure. However, the model under predicts the initial stiffness when compared to the Eurocode equation.
Although the bonds could be stiffened to create a stiffer initial bulk response additional plasticity would be required for the strain at failure to match the Eurocode prediction. To enhance the model's capabilities some non-linearities could be added to the bond behaviour for improved modelling of the ductility of concrete. Examples of including non-linear stiffness terms can be found in the literature, e.g. [6] and [11] . Alternatively bond breakage could be encouraged through a reduction of the shear or compressive strengths. An investigation in to the suitability of these methods for achieving greater softening behaviour is beyond the scope of this paper.
Potential applications to deformable structures
In addition to the application of the developed model for studying the behaviour of concrete under uni-axial compression, there are many other potential applications. The theoretical solutions to the loading of simple structural elements are known and well understood. As the bond is based on beam theory, the model is capable of analyzing conventional structural elements such as beams, frames, plates and shells [42] . The modelling of deformable structures allows the potential for modelling both granular materials and structures and their interaction within the same DEM framework.
Conclusions
This paper has presented the development, implementation and verification of a bonded particle model that enables the study of cemented particles and deformable structures using the Discrete Element Method in three dimensions.
The key element of the developed model is the way in which inter-particle bonds are treated as Timoshenko beam elements. The model has been successfully implemented in a commercial DEM code, allowing for the analysis of complex materials and structures.
The model has been shown to simulate the behavior of a concrete cylinder under uni-axial compression, and the predicted bulk response is in good agreement with the Eurocode prediction, showing significant potentials for further investigation.
Although the model contains many input parameters, most can be kept constant whilst only a few need to be modified to produce a wide range of concrete behaviour. In practice this meant that, for a consistent particle packing and initial bond fabric, the bulk behaviour is controlled only by the bond Young's modulus and the mean bond tensile strength, some of the remaining parameters were linked to these variables. The main failure mode of the bonds is through tension, leading to a principle crack forming an inclined failure plane through the mid-height of the specimen. This failure mode is consistent with that seen in practice.
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